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1. Introduction 

Derivations on unbounded operator algebras, in particular on various algebras of 
measurable operators affiliated with von Neumann algebras, appear to be a very at- 
tractive special case of the general theory of unbounded derivations on operator alge- 
bras. The present paper continues the series of papers of the authors [T]-[^ devoted to 
the study and a description of derivation on the algebra LS{M) of locally measurable 
operators with respect to a von Neumann algebra M and on various subalgebras of 
LS{M). 

Let A be an algebra over the complex number. A linear operator D : A ^ Ais called 
a derivation if it satisfies the identity D{xy) = D{x)y + xD{y) for all x,y ^ A (Leibniz 
rule). Each element a & A defines a derivation Da on A given as Da{x) = ax—xa, x & A. 
Such derivations Da are said to be inner derivations. If the element a generating the 
derivation Da on A, belongs to a larger algebra B, containing A (as a proper ideal as 
usual) then Da is called a spatial derivation. 

In the particular case where A is commutative, inner derivations are identically zero, 
i.e. trivial. One of the main problems in the theory of derivations is automatic innerness 
or spatialness of derivations and the existence of non inner derivations (in particular, 
non trivial derivations on commutative algebras). 

On this way A. F. Ber, F. A. Sukochev, V. I. Chilin [5j obtained necessary and 
sufficient conditions for the existence of non trivial derivations on commutative regu- 
lar algebras. In particular they have proved that the algebra -^"(0, 1) of all (classes of 
equivalence of) complex measurable functions on the interval (0, 1) admits non trivial 
derivations. Independently A. G. Kusraev [7] by means of Boolean-valued analysis has 
established necessary and sufficient conditions for the existence of non trivial deriva- 
tions and automorphisms on extended /-algebras. In particular he has also proved the 
existence of non trivial derivations and automorphisms on L°(0, 1). Later the authors 
initiated the study of these problems in the non commutative case [1]-|1], by consider- 
ing derivations on the algebra LS{M) of all locally measurable operators with respect 
to a semi- finite von Neumann algebra, and on various subalgebras of LS{M). Thus in 
[T], [2| we obtained necessary and sufficient conditions for derivations to be inner on 
the algebra LS{M) and its subalgebra So{M,t) of r-compact operators with respect 
to M, where M is a von Neumann algebra of type I with a faithful normal semi-finite 
trace r. Moreover in [i] we gave a complete descriptions of all derivations on the al- 
gebra LS{M), for type I von Neumann algebra M. In ||3| we have proved spatialness 
of all derivations on the non commutative Arens algebra L'^{M,t) associated with an 
arbitrary von Neumann algebra M and a faithful normal semi-finite trace r. 



In the present paper which extends [1] we present a complete descriptions of deriva- 
tions on the algebra So{M, r) of r-compact operators affiliated with a type I von Neu- 
mann algebra M and a faithful normal semi-finite trace r. 

2. Preliminaries 

Let if be a complex Hilbert space and let B{H) be the algebra of all bounded linear 
operators on H. Consider a von Neumann algebra M in B{H) with a faithful normal 
semi-finite trace r. Denote by P{M) the lattice of projections in M. 

A linear subspace P in if is said to be affiliated with M (denoted as T>rjM), if 
u(T>) C V for every unitary u from the commutant 

M' = {y e B{H) : xy = yx, Wx G M} 

of the von Neumann algebra M. 

A linear operator x on H with the domain V{x) is said to be affiliated with M 
(denoted as xrjM) iiV{x)riM and u{x{C,)) = x{u{^)) all C, G V{x). 

A linear subspace P in if is said to be strongly dense in H with respect to the von 
Neumann algebra M, if 

1) Vr]M; 

2) there exists a sequence of projections {pn}'^=i in P{M) such that p„ | 1, Pn{H) C 
V and p^ = 1 — Pn is finite in M for all n E N, where 1 is the identity in M. 

A closed linear operator x acting in the Hilbert space H is said to be measurable 
with respect to the von Neumann algebra M, if xr]M and T>{x) is strongly dense in if. 
Denote by S{M) the set of all measurable operators affiliated with M. 

A closed linear operator x in if is said to be locally measurable with respect to 
the von Neumann algebra M, if xr]M and there exists a sequence {zn}'^=i of central 
projections in M such that Zn ^ 1 and z„x G S{M) for all n G N. 

It is well-known [9j that the set LS{M) of all locally measurable operators with 
respect to M is a unital *-algebra when equipped with the algebraic operations of 
strong addition and multiplication and taking the adjoint of an operator. 

Let r be a faithful normal semi-finite trace on M. Recall that a closed linear operator 
X is said to be r-measurable with respect to the von Neumann algebra M, if xrjM and 
V{x) is r-dense in if, i.e. T>{x)riM and given e > there exists a projection p E M 
such that p{H) C V{x) and t{p^) < e. The set S{M, r) of all r-measurable operators 
with respect to M is a solid *-algebra in S{M) (see [9J). 

An element x of the algebra S{M,t) is said to be r-compact, if given any e > 
there exists a projection p G P{M) such that t{p^) < oo, xp E M and ||a;p||A/ < ^- The 
set 5*0 (M, r) of all r-compact operators is a *-ideal in the algebra S{M, r) (see [9]). 



It is well-known [TO] that every commutative von Neumann algebra M is *- 
isomorphic to the algebra L°°(fi) = L°°(f2, S,yu) of all (classes of equivalence of) com- 
plex essentially bounded measurable functions on a measure space (f], S, /i) and in this 
case LS{M) = S{M) = L^{n), where L^{n) = L^{n, S,/i) the algebra of all (classes of 
equivalence of) complex measurable functions on (fi, S,/i). 

Now let us recall some notions and results from the theory of Hilbert - Kaplansky 
modules (for details we refer to [8]). 

Let if be a Hilbert space and denote by L°(f2, H) the space of all equivalence classes 
of measurable maps from Q into H. Equipped with the L°(f2)- valued inner product 

{x,y) = {x{uj),y{uj))H, 

where (■, ■)h in the inner product in H, L^{Q, H) becomes a Hilbert - Kaplansky module 
over L^{Q). The space 

L^{Q,H) = {xe L\Q,H) : {x,x) G L°°{n)} 

is a Hilbert - Kaplansky module over L°°{Q). Denote by B{L^{Q,H)) the algebra of 
all L°(r2)-bounded L°((])-linear operators on L°(r2, H) and denote by B{L°°{Vt, H)) the 
algebra of all L°°(r2)-bounded L°°(r2)-linear operators on L°°{Q,H). 

Now consider a von Neumann algebra M which is homogeneous of type Iq, with 
the center L°°{Q), where a is a cardinal number. Then M is *-isomorpic to the al- 
gebra B{L°°{Q,H)), where dimif = a, while the algebra LS{M) is *-isomorpic to 
B{L°{n,H)) (see for details P). 

It is known [T2] that given a type I von Neumann algebra M there exists a 
unique (cardinal-indexed) family of central orthogonal projections {qa)aej in V{M) 
with Yl ^ce = ^ such that QaM is a homogeneous type Iq, von Neumann algebra, i.e. 

q^M = B{L°°{Vt^,Ho)) with dimii„ = a and 

M-0fi(L°°(fi,,i7Q)) 

(= denoting isomorphism). The direct product 

equipped with the coordinate-wise algebraic operations and inner product forms a 
Hilbert — Kaplansky module over L^{Q). 

In [1] we have proved that for M = B{L'^{Q^,H^)) the algebra LS{M) is *- 

isomorpic with B{ Y[ L^i^a, Ha))- Therefore there exists a map || ■ || : LS{M) -^ L^{Q) 



such that for all x,y E LS{M), A G L^{Q) one has 

\\x\\ > 0, ||x|| = <^ X = 0; 

||Aa;|| = |A|||x||; 
Ik + yll < ||x|| + \\y\\; 

II * I I II I i2 

/yj /y* rif * 

JjJU lA/ « 

This map || ■ || : LS{M) — > L^{Q) is called the center-valued norm on LS{M). 

Finally we recall the following main result of the paper [2]: 

Theorem 2.1. Let M be a type I von Neumann algebra with the center Z and 
a faithful normal semi-finite trace r. Then every Z-linear derivation D on the algebra 
So{M,t) is spatial, namely 

D{x) = ax — xa, x G So{M, r) 

for an appropriate operator a G S{M, r). 

3. Derivations on the algebra S'o(M, r) 

In this section we give the main result of the paper and describe derivations on the 
algebra Sq{M,t) of all r-compact operators for type I von Neumann algebra M with 
a faithful normal semi- finite trace r. We shall do it step by step, considering separate 
cases. 

A. The case of finite von Neumann algebras of type I. 

Let iV be a commutative von Neumann algebra, then N = L°°{Q) for an appropriate 
measure space (fi, S, /i). It has been proved in [5], [7] that the algebra LS{N) = S{N) = 
L^{Q) admits non trivial derivations if and only if the measure space (fi, S,/i) is not 
atomic. 

Let r be a faithful normal semi-finite trace on the commutative von Neumann alge- 
bra A^ and suppose that the Boolean algebra P{N) of projections is not atomic. This 
means that there exists a projection z E N with t{z) < oo such that the Boolean alge- 
bra of projection in zN is continuous (i.e. has no atom). Since zSq{N,t) = zS{N) = 
S{zN), the algebra zSo{N,t) admits a non trivial derivation D (see [H], [Zj). Putting 

Doix) =D(zx), xe SoiN,T) 



we obtain a non trivial derivation on the algebra Sq{N, t). Therefore, we have that if a 
commutative von Neumann algebra N has a non atomic Boolean algebra of projections 
then the algebra So{N, r) admits a non zero derivation. 

Given an arbitrary derivation D : So{N, r) -^ So{N, r) the element 

zd = mi{z e P{N) ■.zD = D} 

is called the support of the operator D. 

Lemma 3.1. If N is a commutative von Neum,ann algebra with a faithful normal 
semi-finite trace t and D : Sq{N,t) -^ SQ{N,r) is a derivation, then t^Zu) < cxd. 

Proof. Suppose the opposite, i.e. t{zd) = oo. Then there exists a sequence of 
mutually orthogonal projections Zn E N, n = 1,2..., with Zn < zo, 1 < T{zn) < cxd. 
For z = sup Zn we have t{z) = oo. Since r(z„) < cxd for all n = 1,2..., it follows that 

n 

ZnSo{N,T) = z„S{N) = S{znN). Define a derivation D„ : z^S^N) ^ ZnS{N) by 

Dn{x) = ZnD{x), X G ZnS{N). 

Since ZnS{N) = S{znN) and z^^ = Zn, [H Lemma 3.2] implies that for each n G N 
there exists an element A„ G ZnN such that |A„,| < n^^Zn and |D„(A„)| > Zn- 

Put A = ^ A„. Then |A| < ^ n~^Zn and therefore A G 5'o(A^, r). On other hand 

n 
\D{\)\ = \DiJ2^n)\ = \DiJ2^nXn)\ = | J]^„Z^(A„)| = J] |I^n(An)| > J^ Zn = Z, 

i.e. \D{X)\ > z. But t{z) = oo, i.e. z ^ So{N,t). Therefore D{X) ^ So{N,t). The 
contradiction shows that t{zd) < oo. The proof is complete. ■ 

For general (non commutative) finite type I von Neumann algebras we have 

Lemma 3.2. Let M be a finite von Neumann algebra of type I with the center Z 
and let D : So{M,t) -^ Sq{M,t) be a derivation. If D{X) = for every A from the 
center Z{So{M,t)) of So{M,t), then D is Z -linear. 

Proof. Take X E Z and choose a central projection z in M with t{z) < oo. Since 
z, zX G Z(5o(M,r)), we have that D{z) = D{zX) = 0. 

For X G So{M, r) one has 

D{zXx) = D{zX)x + zXD{x) = zXD{x), 

i.e. 

D{zXx) = zXD{x). 

On the other hand 

D{zXx) = D(z)Xx + zD{Xx) = zD(Xx), 
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I.e. 

D{z\x) = zD{\x). 

Therefore zD{Xx) = zXD{x). Since z is an arbitrary with t{z) < oo this imphes (taking 
2; I 1) that D{\x) = \D{x) for all A G Z and x G So{M,t), i.e. D is Z-hnear. The 
proof is complete. ■ 

Now let M be a homogeneous von Neumann algebra of type /„,n G N, with the 
center Z and with a faithful normal semi-finite trace r. Then the algebra M is *- 
isomorphic with the algebra M„(Z) of all n x n- matrices over Z, and the algebra 
So{M,t) is *-isomorphic with the algebra Mn{So{Z,Tz)) of all n x n matrices over 
So{Z, Tz), where tz is the restriction of the trace r onto the center Z. 



If Cjj, i,j = l,n, are the matrix units in M„(S'o(^, r^)), then each element x G 
Mn{So{Z,Tz)) has the form 



X 



n 



\jei,j, K,j e So{Z,Tz), i,j = l,n. 



Let (5 : S'o(^, r^) -^ So{Z,Tz) be a derivation and let Zs be its support. By Lemma 
3.1 we have t{zs) < 00, and therefore zsSo{M,t) = zsS{M). Thus given an arbitrary 

n 

J2 Kj<^i,j ^ Mn{So{Z,Tz)) one has 

n n 

Y, ^i\j)('iJ = ^sYl ^(^^,i)e*j e zsM^{S{Z)) = zsM^{So{Z,rz)) C M,,{So{Z,tz)). 
This implies that by putting 

n n 

we obtain a well-defined linear operator Ds on the algebra Mn{So{Z, tz)). Moreover Ds 
is a derivation on the algebra M„(S'o(^, r^-)) and its restriction onto the center of the 
algebra M„(S'o(^, r^)) coincides with the given 6. 

Now let the trace r be finite. Then Sq{M, t) = S{M, r) = S{M). Consider a family 
{ei}^^i of mutually orthogonal and mutually equivalent abelian projections in the von 

n— 1 

Neumann algebra M of type /„, n G N. Put e = X] ^«- Then eMe is a von Neumann 
algebra of type In-i, and 

So(Z,rz) = Z{eSo{M,r)e) = Z{So{M,t)). 

Remark 1. From now on we shall identify these isomorphic abelian von Neu- 
mann algebras. In this case the element A from So{Z,tz) corresponds to Ae from 
Z{eSo{M,T)e) and to Al from Z{So{M,t)). 



Consider a derivation D on the algebra S'o(M, r). Since D maps Z{Sq{M,t)) into 
itself, its restriction D\z{Sq{m,t)) induces a derivation 5 on Sq{Z,tz) = Z(S'o(M, r)), i.e. 

D{\l) = 5{X)l,\eSo{Z,Tz). 

Let De be the derivation on e5'o(M, r)e defined as 

De{x) = eD{x)e, x G eS'o(M, r)e. 

Since Z(eS'o(M, r)e) = Z{So{M,t)), the restriction of De onto Z(eS'o(M, r)e) also 
generates a derivation, denoted by (5e, on So{Z,tz), i.e. 

De(Ae)=5e(A)e, AG5o(^,rz). 

Lemma 3.3. The derivations 6 and 6e on So{Z,tz) coincide. 

Proof. Since e is a projection it is clear that eD[e)e = and therefore 

5e{\)e = D^{\e) = eD{\e)e = eD{\l)e + e\D{e)e = eD{\l)e = 5{\)e, 

i.e. 

6e{X)e = 6{X)e 

for any A G S'o(M, r). Therefore (see Remark 1) 6e{\) = S{\), i.e. 6 = 6e. The proof is 
complete. ■ 

The following lemma describes derivations on the algebra of r-compact operators 
for type In{n G N) von Neumann algebras. 

Lemma 3.4. Let M be a homogenous von Neumann algebra of type In,n G N, with 
a faithful normal semi-finite trace r. Every derivation D on the algebra So{M,t) can 
be uniquely represented as a sum 



a 



where Da is a spatial derivation implemented by an element a G S{M, r) while Ds is 
the derivation of the form (1) generated by a derivation 5 on the center of So{M,t) 
identified with So{Z,tz). 

Proof. Let D be an arbitrary derivation on the algebra So{M,t) = Mn{So{Z,Tz)). 
Consider its restriction 6 onto the center Sq{Z,tz) of this algebra, and let Ds be the 
derivation on the algebra Mn{So{Z, tz)) constructed as in (1). Put Di = D — Ds- Given 
any A G So{Z,tz) we have 

Di(X) = D(\) - DsiX) = D{X) - D{X) = 0, 



i.e. Di is identically zero on Sq{Z^Tz)- By Lemma 3.2 Di is Z-linear and by theorem 
2.1 we obtain that Di is spatial derivation and thus Di = D^ for an appropriate 
a e Mn{S{Z, Tz)). Therefore D = Da + D5. 
Suppose that 

D = Da, + Ds,=Da,+Ds,. 

Then Da^ — Da2 = D52 — Ds^. Since Da^ — Da2 is identically zero on the center of 
the algebra M„(S'o(^, r^)) this implies that D^.^ — Dsi is also identically zero on the 
center of Mn{So{Z,Tz)). This means that 61 = 62, and therefore Da^ = Da^-, i-e. the 
decomposition of D is unique. The proof is complete. ■ 

Now let M be an arbitrary finite von Neumann algebra of type I with the center Z. 
There exists a family {zn}n<^F-, -F C N, of central projections from M with supz„ = 1 
such that the algebra M is *-isomorphic with the C*-product of von Neumann algebras 
ZnM of type I„ respectively, n E F, i.e. 

M = ^ZnM. 

n£F 

In this case we have that 



5o(M,r)C J]5o(^nM,r„ 



n£F 

where r„ is the restriction of the trace r onto ZnM, n E F. 

Suppose that D is a derivation on S'o(M, r), and 5 is its restriction onto its center 
So{Z,Tz). Since 6 maps each ZnSo{Z,Tz)) = Z{So{znM,Tn)) into itself, 6 generates a 
derivation (5„ on ZnSo{Z, tz) for each n E F. 

Let Dg^ be the derivation on the matrix algebra Mn{znZ{So{M, r))) = So{znM, r„) 
defined as in (1). Put 

Ds{{Xn}neF) = {Ds„{Xn)}, {Xn}neF G So{M,t). (2) 

Then the map D is a derivation on Sq{M, t). 

Now Lemma 3.4 implies the following result: 

Lemma 3.5. Let M be a finite von Neumann algebra of type I with a faithful 
normal semi-finite trace r. Each derivation D on the algebra Sq{M,t) can be uniquely 
represented in the form 

where Da is a spatial derivation implemented by an element a G S{M,t), and D^ is a 
derivation given as (2). 

9 



B. The case of type Iqo von Neumann algebras. 

We shall start the consideration of this case by the description of the center of the 
algebra of r-compact operators with respect to type Iqo von Neumann algebras. 

Lemma 3.6. Let M be a type I^o von Neumann algebra with the center Z. Then 

a) the centers of the algebras S{M) and S{M, r) coincide with Z; 

b) the center of the algebra So{M,t) is trivial, i.e. Z{So{M,t)) = {0}. 

oo 

Proof, a) Suppose that z G S{M), 2; > 0, is a central element and let z = J Xde\ 


be its spectral resolution. Then e\ E Z for all A > 0. Assume that e^ ^ Q for all 

n G N. Since M is of type loo, Z does not contain non-zero finite projections. Thus 

e-^ is infinite for all ra G N, which contradicts the condition z G S{M). Therefore there 

exists no G N such that e^ = Q for all n > no, i.e. z < uqI. This means that z E Z, i.e. 

Z{S{M)) = Z. Similarly Z{S{M,t)) = Z. 

b) Let z G Z{Sq{M,t)), z > 0. Take a projection p E M with t{p) < cxd. Then 

p G Sq{M,t) and therefore zp = pz. Since M is semi-finite this implies that zp = pz 

for all p G P{M). Since the linear span of P{M) is dense in S{M,t) in the measure 

topology, we have that zx = xz for all x G S{M, r), i.e. z G Z{S{M, r)) = Z. 

00 

Suppose that z = f X de\ is the spectral resolution of z. Then e\ E Z for all A > 0. 

Since z G Sq{M,t) we have that ef^^ is a finite projection for all Aq > 0. But M does 

not contain any non zero central finite projection, because it is of type loo. Therefore 

ef = for all A > 0, i.e. z = 0. Thus Z{So{M, r)) = {0}. The proof is complete. ■ 

It should be noted that the center of the algebra LS{M), for a general von Neumann 
algebra M coincides with LS{Z) and thus contains Z. This was an essential point in 
the proof of theorems concerning the description of derivations on the algebra LS{M) 
of locally measurable operators with respect to type 1 von Neumann algebras M (see 
[4]). Lemma 3.6 shows that this is not the case for the algebra S'o(M, r) because the 
center of this algebra may be trivial. Thus the methods of the paper P] can not be 
directly applied for the description of derivations of the algebra of r-compact operators 
with respect to type I von Neumann algebras. 

We are now in position to prove one of the main results of the paper. 

Theorem 3.7. If M is a type I^o von Neumann algebra with a faithful normal semi- 
finite trace r, then every derivation on the algebra So{M,t) is spatial and implemented 
by an element of the algebra S{M,t). 

The proof of the theorem consists of several lemmata. 

Lemma 3.8. Let z E Z be a central projection from M and let x G 5'o(M, r). Then 

D(zx) = zD[x). 
10 



Proof. Without loss of generality we may suppose that a; > 0, i.e. x = y^ for some 
y G 5'o(M, r). From the Leibniz rule for derivations we obtain 

D{zx) = D{zyzy) = D{zy)zy + zyD{zy) = z[D{zy)y + yD{zy)]. 

Therefore 

z^D{zx) = 0. 

Similarly we have that 

zD{z^x) = 0. 

Further 

zD{x) = zD{{z + z-^)x) = zD{zx) + zD{z^x) = zD{zx), 

i.e. 

zD{x) = zD{zx). 

On the other hand 

D{zx) = (z + z^)D(zx) = zD(zx) + z'^D{zx) = zD{zx), 

i.e. 

D{zx) = zD{zx). 

Therefore 

D{zx) = zD{x). 

The proof is complete. 

Lemma 3.9. Suppose that \ E Z, p E P{M), t{p) < oo. Put y = D{\p) - \D{p). 
Then 

P'^yp'^ = 0. 

Proof. From 

D{p) = D (pp) = D {p)p + pD (p) 

and 

D{Xp) = D{Xpp) = D{Xp)p + XpD{p) 

we obtain 

p^D{Xp)p^ = p^XD{p)p^ = 

and in particular p^yp^ = 0. The proof is complete. ■ 

Lemma 3.10. For each X E Z and for every abelian projection p E P{M) with 
t{p) < oo we have 

D{Xp) = XD{p). 

11 



Proof. Let z be the central cover of the projection p, (i.e. the least central projection 
majorating p). Lemma 3.8 implies that the derivation D maps the algebra zS'o(M, r) 
into itself. Therefore passing if necessary to the algebra zM and to the derivation zD 
we may assume without loss of generality that -2 = 1, i.e. that p is a faithful projection. 
Take an arbitrary projection po with the central cover 1 such that po ^ V^ ^-i^d such 
that the von Neumann algebra p^MpQ is of type Ihq, where Kq is the countable cardinal 
number. Then there exists a sequence of mutually orthogonal and pairwise equivalent 

oo 

abelian projections {pn}'^=2 iii ^ with J2 Pn = Po- Putting pi = p we obtain that 

n=2 

projections pi and p2 are equivalent (pi ~ pn) and thus r(pn) = r(pi) < oo for all 
n> 2. 

n 

Put e„ = ^ pfc, n > 1. Then e„Me„ is a homogeneous von Neumann algebra of 
fc=i 
type /„, n> 1, and the restriction r„ of the trace r onto CnMcn is finite, and therefore 

e„5o(M,r)e„ ^ 5(e„Me„), n = 1,2.... 

Define a derivation D„ on e„S'o(M, r)e„ as follows 

Dn{x) = enD{x)en, X e e„S'o(M, r)e„. 

By lemma 3.4 for each n there exist an element a„ G e„S'o(M, r)e„ and a derivation (5„ 
on eiS'o(M, r)ei identified with Z(e„S'o(M, r)e„) (see Remark 1) such that 

Dr, = Da^+Ds„. (3) 

Since D„ = e„D„+ie„ lemma 3.3 implies that 5„ = 6n+i, n > 1. Denote 6 = (5„. 
Given a sequence A = {A„} in Z with |A„| < j^l, n E'N, put 

oo 

a^A = y^ A„p„. 



n=l 



Let us show that X\ G So{M, r). 



1 
For an arbitrary e > there exists no G N such that tj^ < e. Put 

"0- 1 

Pe = 'i- - ^ Pn, 
n=l 

710-1 

then r(p^) = t( X] P") = (^o — 1)t(pi) < oo. Moreover 

n=l 

oo _ 

IkAPelU = II X^ A„p„||m = sup ||A„||m < — < £■ 

n=no "^"« ^° 

This means that xa G So{M, r). For each n G N we have 

XaPu ^ PnXA ^ ^nPn- 
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By the Leibniz identity for derivations this imphes 

D{\nPn) = D{xpC)Pn + X^D^Pn)- 

Multiplying by p„ from both sides we obtain 

PnD{\nPn)Pn = PnD{xpC)PnPn + PnXKD{pn)Pn, 

i.e. 

PnD{XnPn)Pn = P„-D(xa)p„ + XnPnD{,Pn)Pn, 

Therefore 

PnD{\nPn)Pn = PnD{XA)pn (4) 

because pD{p)p = for every projection p G M. 
On the other hand 

PnD{\nPn)Pn = PnenD{\nPn)enPn = PnDn{\nPn)Pn- 

From (3) we obtain 

PnD{\nPn)Pn = PnDa,X^nPn)Pn + PnD5{\nPn)Pn- 

Since Da„ is a spatial derivation (and hence it is Z-linear), we have that 

PnDaS^nPn)Pn = KPnDa„{Pn)Pn = 0. 

From 

PnD5{XnPn)Pn = S{\n)Pn, 

we obtain 

PnD{\nPn)Pn = 5{K)Pn- (5) 

Now (4) and (5) imply 

PnD{xA)pn = 6{Xn)Pn- 

Suppose that 5 7^ 0. Then [H Lemma 3.2] implies the existence of a sequence A = 
{Xn} in Z with |An| < ^j;!, n gN, and a projection n E Z, n ^ such that 

\6{Xn)\ >nn, ne N. 

Further 

\\PnD{xA)pn\\ < ||p„||||-D(xa)||||p„|| = ||D(xa)|| 

and 

ll<^(AnK|| = |<5(A„)|. 
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Therefore 

||/^(a:A)||>|5(A„)|, 

and hence 

||L'(xa)|| >7m,n> 2. 

The last inequahty contradicts the choice of tt 7^ 0. Therefore 6 = 0, i.e. from (3) we 
obtain that D^ = Da„ ■ Since Da^ is a spatial derivation and the center of the algebra 
Z(e„Me„) coincides with e„Z, it follows that Dn is e„Z-linear. Thus 

DniXenPCn) = XenDnienPCn) (6) 

for all X E Z. Since the projection e„ is in So{M, r) and it commutes with p we have 

DniCnPCn) = DniCnP) = enD{enP)en = enD{en)pen + enD{p)en = 

= enD{en)enP + enD{p)en = enD{p)en, 



I.e. 



In a similar way we obtain 



XDn{enPen) = XenD{p)en. (7) 



DniXcnpen) = enD{Xp)e„ 



Now (6), (7) and (8) imply 

enD{Xp)en = e„AD(p)e„ 

for all n eN. 

Set y = D{Xp) — XD{p). Then e„|/e„ = 0. From ei = pi = p, we have pyp = 0. By 
Lemma 3.9 we have p^yp^ = 0. Multiplying the equality Cnyen = by p from the left 
side we obtain p|/e„ = for all n G N. Since e„ t po + Pi it follows that pyyipa + p) = 0, 
i.e. pypo = 0. Since po is an arbitrary projection with the central cover 1 such that 
Po ^ P"*" and such that the von Neumann algebra poMpo is of type l^^, we obtain that 
pyp'^ = 0. 

Similarly p'^yp = 0. Therefore 

pyp = pyp'^ = p'^yp = p'^yp'^ = 

and hence 

y = pyp + pyp^ + p'^yp + P'^yp'^, 

i.e. D{Xp) = XD(p). The proof is complete. 
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Lemma 3.11. Suppose that \ & Z and x G S'o(M, r). Then 

D{\x) = \D{x). 
Proof. Case (i). a; = p is a projection and 



k 

P = ^Pi, (9) 



where pi, i = l,k are mutually orthogonal abelian projections with r(pj) < oo. By 
Lemma 3.10 we have D{Xpi) = XD{pi). Therefore 

1=1 i=l i=l 1=1 

i.e. 

D{Xp) = XD{p). 

Case (ii). x = p is a projection with r(p) < oo. Then pMp is a finite von Neumann 
algebra of type I, and therefore there exists a sequence of mutually orthogonal central 
projections {-2„} such that each p„ = ZnP is a projection of the form (9). From the 
above case we have D{Xpn) = XD{pn). This and Lemma 3.8 imply that 

ZnD{Xp) = D{XZnP) = D{Xpn) = XD{pn) = XD{ZnP) = XZnD{p). 

i.e. 

ZnD{Xp) = ZnXD{p) 

for all n. Therefore 

D{Xp) = XD{p) 

Case (iii). Let x G So{M, r) be an element such that xp = x for some projection p 
with r(p) < oo. Then 

D{Xx) = D{Xxp) = D{xXp) = D{x)Xp + xD{Xp) = 

= D{x)Xp + xXD{p) = X{D{x)p + xD{p) = XD{xp) = XD{x), 

i.e. D{Xx) = XD{x). 

Case (iv). x is an arbitrary element from So{M, r). Take a projection p with r(p) < 
oo. Put xq = xp. From the case (iii) we have D{Xxo) = XD{xo). Now one has 

D{Xxo) = D{Xxp) = D{Xx)p + XxD{p), 
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I.e. 

D{\x)p = D{\xo) - \xD{p). 

On the other hand 

D{\xo) = \D{xo) = \D{xp) = \D{x)p + \xD{p), 

i.e. 

\D{x)p = D{Xxo) - XxD{p). 

Therefore \D{x)p = D{\x)p. Since p is an arbitrary with r(p) < oo, this imphes 

D{\x) = \D{x). 

The proof is complete. ■ 

Proof of Theorem 3.7. 

By Lemma 3.11 the derivation D : Sq{M,t) -^ So{M,t) is Z-hnear. By Theorem 
2.1 D is spatial and moreover 

D{x) = ax — xa, x G So{M, r) 

for an appropriate a G S{M, r). The proof is complete. ■ 

C. The general case of type I von Neumann algebras. 

Now we can obtain a complete description of derivations on the algebra So{M, r) of 
T-compact operators with respect to a general type I von Neumann algebra M with a 
faithful normal semi-finite trace r. 

Let M be a type I von Neumann algebra. There exists a central projection zq G M 
such that 

a) zqM is a finite von Neumann algebra; 

b) ZqM is a von Neumann algebra of type Iqo- 

Now consider a derivation D on So{M, r) and let 5 be its restriction onto its center 
Z{Sq{M, t)). By Lemma 3.6 we have ZqZ{Sq{M, t)) = {0}, and therefore Zq6 = 0, i.e. 
6 = ZqS. 

Let Ds be the derivation on zoSo{M,t) defined as in (2) and let us extend it to 
whole on So{M, r) = ZqSq{M, t) © z^Sq{M, t) by putting 

Ds{x^ + X2) := Dsixi), xi G ZqS^{M, r), X2 G z^Sq{M, t). (10) 

The following theorem is the main result of the present paper, which gives the 
general form of derivations on the algebra 6*0 (M, r). 
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Theorem 3.12. Let M be a type I von Neumann algebra with a faithful normal 
semi-finite trace r. Each derivation D on Sq{M,t) can be uniquely represented in the 
form 

D = Da + Ds, (11) 

where Da is a spatial derivation implemented by an element a G S{M,t), and Ds is a 
derivation of the form (10), generated by a derivation 5 on the center of Sq{M,t). 

Proof. It immediately follows from Lemma 3.5 and Theorem 3.7. ■ 

D. An application to the description of cohomology groups. 

Let A be an algebra. Denote by Der{A) the space of all derivations (in fact it is a 
Lie algebra with respect to the commutator), and denote by InDer{A) the subspace of 
all inner derivations on A (it is a Lie ideal in Der{A)). 

The factor-space H^{A) = Der{A) / InDer{A) is called the first cohomology group 
of the algebra A (see [6j). It is clear that H^{A) measures how much the space of all 
derivations on A differs from the space on inner derivations. 

Further we need the following property of the algebra of r-compact operators from 

S{M,t)=M + So{M,t). (12) 

Set C{M, t) = Mn So{M, r) and consider M/{C{M, t) + Z) - the factor space of M 
with respect to the space C{M, r) + Z. 
For Di,D2 e Der{So{M,T)) put 

Dir^ D2^ D1-D2E InDer{So{M, r)). 

Let Di ~ D2. From Theorem 3.12 these derivations can be represented in the form 
(11): 

D, = Da + Ds, D2 = D, + D„. 

Since Di — D2 = D^, where c G S'o(M, r) C S{M,t), from the uniqueness of a repre- 
sentation in the form (11) it follows that D^ — Df, E InDer{So{M,T)) and Dg = D„. 
Therefore 6 = a and 

a-beSo{M,T) + Z{S{M,T)). (13) 

According to (12) we have 

a = ai + a2, ai G M, 02 G So{M, r), 

b = bi + b2,bi eM, 62 eSo{M,T). 
From (13) it follows that 

ai-bie (62 - 02) + SoiM, t) + Z{S{M, r)) C 5o(M, r) + Z{S{M, r)). 
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Since ai, 61 G M, we have that 

ai - 61 G {So{M, r) + Z{S{M, r))) n M C C(M, t) + Z 
because Z{S{M,t)) Ci M = Z (cf. Lemma 3.6). Therefore 

Di ^ D2 ^ ai - bi e C{M, t) + Z,S = (t. 

Thus we have following result. 

Theorem 3.13. Let M be a type I von Neumann algebra with the center Z and 
with a faithful normal semi-finite trace r. Suppose that zq is a central projection such 
that ZqM is a finite von Neumann algebra, and ZqM is of type loo- Then the group 
H^{So{M, r)) is isomorphic with the group M/{C{M, r) + Z) (B H^{So{zqZ, Tq)), where 
tq is the restriction of r onto zqZ. In particular 

a) if the trace r is finite then H^{So{M, r)) = H^{So{zoZ, tq)); 

b) if M IS of type I^o, then H\So{M, r)) = M/{C{M, t) + Z). 
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